


TropicaltlyperfieldandModifiatiousmotivo.to
ingproblemsi.
① Define a tropical hypersurface
as a

"

Zero set
"

② Sturdy non
- transverse|

intersections
-

④ Define a tropical version
of binational Equivalence

( Section to develop )



① Let ✗ be a tropical
hypersurface defined by a tropical
polynomial f.
Since -x is the zero element

of the tropical semi -field IT ,
one would want to define ✗ as

{ x : f64 =
-a } .

Does not make sente with
the tropical semifield .



"Solution " : replace 4T , +0 , ④)
by the tropicalhgperfield-UT.tt, ☒) .
• ☒ is agonir the addition

• ☒ is defined as follows :

for a , le C- IT , we have

a ☒ le =§
m'✗ la , b) if a =/ f

{x et I x ta}
( if a = b

↳ We allow the Ist opération ofa
hyperfield to be multivalued .



1¥ : f :(x ,g) = x ☒ y ☒ 0
The point (o , - 1)

YÉ
" oh the associates

tropical line .

f10 ,-11=0 ☒ 1-Y ☒ 0

= {x EI l x to}
Then - o e f10, - 1)
For f defiring a tropical hypersurface×,
± c- ✗ ⇒ -• c- f (±) .



Nd Since we Stile do not wolf over

a field , we oftain only
- x e f ( re) and not
- a = f1± ) .



② Given n tropical hypersurface
in In of degree di , . . .

, dn , one
would want toobtained
,
. . . . • dn intersection points

(counted with multipliaitg) .

E± : Two tropical limes

-¥ in 1RE intersection
g

transversely
↳ 0K

Here
,
we oftain a

-MATI - dimensional intersectionComponent .
-pk



1st solution : up to small translation ,
Ère a transverse intersection

,

and we can count the number of
intersection points there .

BEE : Where does the

intersection points
Trop f74 n . . . n7ff lie in

Trop(Ki) n . . . nTrop (tn) ?



Def:Lt ✗ le a tropical
hypersurface in In, being the
"

zero set
"

of a tropical polynomialf.
The modification of In along
✗ is the set

m
✗ (F) = { KyleIII/y effet}L

.

Page The set my (IT)
coincide with the zelo set

of the tropical polynomial

§( ± ,g) = ff4 ☒ y



: f (x ) = x ☒ 0

f
'
(my) = f (x) ☒y

= x y ☒ 0

%The tropical line
-

| inI
?

is the modification
of IT along the zero set
of f. .



For YcIn a tropical variety ,
and Y 'c m

✗ (tn ) a tropical variety,
Y
'

is④modification of Yalong ✗

if the natural projection
p
: IT ✗T→ In

( to define )
Restricted to Y

'

is a tropical
mdphism pp, , : Y

'

→ Y

of degree one .

In that ease
,
we write

✗
'
= m

✗ ( Y ) .



Note: In the previous definition,
the choice of X and Y does not
determine uniqueby a tropical
modification Y

'

.

If ✗ = Trop (A) and Y=Trop(y )
tropical hypersurface , with
7C = V1 f) and Y = ✓(g) ,
we can define Y

' "
uniquely

"

using

higbee outer terms in f and g .



FI:(B- A-
-
✓( (1+1-2) + xty)

Y-VHI-tltxtt.ly)
× -
_Tarot)

Y -

- Trophy)

.

-

i
l

'
: r

±:p
'

ofyaloyl
,
f. , '

"

✗ .



Then Trop ( Ary )
= Y

'
n { a- = -• }

= ( o , - 2)

↳ We can easily compute that
the lines 7C and 2f intersect
in p = f1 ,

- E) c- (allHH
and Trop ( p ) = ( o , - 2) c- T

'

r



Generalplan:
P polynomial in 6ff t}}[% , . . , En]
* = ✓( P) ÎK [xs , . . .

/ En]
t'= (KYNE
↳ ¢ :-X

'
↳ ( 1k

✗Y
"

±-(± ,PK))
✗
'
=Trop / ¢174 ) is

the tropical modification of
Rn defined by P .



For Y a 4K
"

)
"

hypersurface
with Y = Trop (Y) ,
the tropical modification
of Y along ✗ ,

with respect to

P
,
is Y

'
=Trop /Myrt

'

)) .

Prop (To CHECK ) :

T-roplx-nyt-Yhfxn.io}
with

l'=Trop (Myrte)) .



③
Def : We soy that two
tropical varieties X and Y
are equivalent if they are
related by a chain of tropical
modifications and reverse
Epurations


